This article studies the effects of viscous loss, flow separation, and base pressure for ducted turbine designs using computational fluid dynamics (CFD) simulations. Analytical model coefficients for inlet and diffuser efficiency and base pressure coefficient parameterize these effects and have been identified from CFD results. General trends are that the inlet efficiency is nearly unity for the simulated designs; the diffuser efficiency has a significant impact on performance and is degraded by flow separation; and that the base pressure effect can provide a significant performance enhancement. Geometric features influencing each of the aforementioned parameters are identified and a regression-based model has been developed to predict ducted turbine performance.
INTRODUCTION
The concept of ducted (or diffuser augmented) turbines has been studied for decades with no commercially successful designs to date. The first in-depth study of ducted turbines was done in the context of wind power by Lilley and Rainbird [1] , who developed analytical models based on one-dimensional (1D) momentum theory and potential flow methods in the 1950s. This study suggested that a reasonable duct could provide at least a 65 per cent increase in power over an ideal unshrouded turbine with the same rotor diameter. Literature on ducted turbines was sparse until the 1970s when researchers from Grumman published a series of papers presenting a simplified 1D semi-empirical model [2] and a series of experiments using wire meshes [2] [3] [4] to represent the turbine, as well as with an actual turbine [4] with a wide range of diffuser geometries. The Grumman researchers focused on using short ducts with a large expansion to reduce the overall cost of the duct and structures. In their designs, boundary layer flow control was achieved using a slotted diffuser design.
More recently, in the 1990s, a New Zealand company called Vortec attempted to commercialize a ducted wind turbine design [5, 6] , but the project was scrapped when their 7-m prototype did not perform as well as expected. Attempts to develop ducted wind turbines have been unsuccessful for a number of reasons, the most important of which is arguably the immense loading on the duct in storm conditions or in yawed flows. The Vortec turbine design needed heavy support structures to take the loads expected in storm conditions. Additionally, a yawing mechanism for the entire duct/turbine system was required, increasing complexity and cost. The failure of the Vortec turbine project gave strong evidence that in the context of wind turbines, the power augmentation provided by a duct could be achieved at lower cost by extending the rotor diameter.
There is renewed interest in ducted turbines in the context of tidal power generation since the direction and magnitude of tidal flows are quite predictable and tidal turbines would not be subject to such extreme storm loads as wind turbines. Nevertheless, depending on the deployment depth, storm surges, highly turbulent flow, wave action and asymmetric ebb-flood, tidal flows can produce significantly higher loadings than the pure gravitationally forced tides and should be studied in detail on a site-specific basis. There are several prototypes for vertical axis tidal turbines; however, the dominant design and focus of this article is the ducted horizontal axis tidal turbine concept. These designs typically feature a bi-directional duct to avoid the need for a yawing mechanism. This requires special considerations in blade design to ensure the turbine can operate on both ebb and flow tides. In this article, uni-directional ducts are considered to allow comparison of the numerical model to results of Hansen et al. [7] and to allow future performance comparison to bi-directional designs. In-stream turbines (so-called kinetic turbines) located in rivers and ocean currents could make direct use of the unidirectional ducts examined in this study.
There are a number of companies at the prototype stage in their development of ducted tidal turbines. Ireland's OpenHydro has conducted tests with a high-solidity ducted turbine in the Bay of Fundy. Alstom (France) is developing a ducted turbine based on a design by Clean Current (Canada) also to be tested in the Bay of Fundy in 2012. Lunar energy (Scotland) and several other companies are also developing similar designs. Despite significant development of ducted tidal turbine designs by several organizations, analytical models of ducted turbine performance lack generality and cannot be used for design work, which consequently relies heavily on time-consuming computational fluid dynamics (CFD) simulation. Accurate analytical/ empirical models would allow faster prototyping iterations during early design stages, and in later fatigue simulations, but require empirical parameters to quantify several effects unique to ducted flows which are inherently beyond treatment with purely analytical flow descriptions.
The rationale behind incorporating a duct is to increase the extracted power by increasing the mass flow through the rotor. This is achieved by forcing an expansion of the flow downstream of the turbine beyond that which is possible for an open rotor. This provides a reduced pressure on the downstream side of the turbine, which acts to augment the flow through the throat of the duct, and therefore increases the total mass flow through the turbine. The overall effect is to increase the power produced for a given rotor diameter. The faster flow achieved with a duct also allows for higher rotor rotational speeds for a given optimum tip speed ratio, which depends primarily on the blade lift-to-drag ratio. Higher rotational speed may result in more efficient generator operation. A diagram of typical flow through a ducted turbine is shown in Fig. 1 . This image represents a cross-section of an axi-symmetric flow domain. The station numbers in Fig. 1 are used consistently throughout this article. The shaded section represents the rotor which is located at the duct throat.
The mass flow increase provided by the duct is influenced by four primary factors: (1) the diffuser area ratio A 4 =A 3 , (2) the degree of flow separation from the diffuser surface, (3) the base pressure reduction at the diffuser exit caused by obstruction of the flow, and (4) viscous losses within the entire duct. The last three of these factors are expected to vary with the operating thrust coefficient C T .
Analytical models have been developed to characterize the performance of ducted turbines by Lilley and Rainbird [1] , Foreman et al. [2] , Lawn [8] , van Bussel [9] , and Jamieson [10] . However, all these The models presented by Jamieson and van Bussel are based on a modified version of the standard actuator disc momentum analysis [11] . Van Bussel's model was developed to identify ideal duct performance and thus neglects viscous loss and flow separation effects. The model includes a duct expansion parameter and a base pressure speedup factor. Jamieson's model calculates an ideal zero-thrust induction factor at the rotor plane. This parameter incorporates the diffuser expansion ratio and base pressure effects (at the zero thrust condition). Jamieson employed an efficiency term to account for 'non-ideal' duct geometries, where the ideal duct would have no flow separation, a constant base pressure coefficient and zero viscous loss. The models by Jamieson and van Bussel provide a useful extension of the standard actuator disc theory to the ducted case, but do not identify the physical parameters governing the duct performance in concrete terms.
The model by Lilley and Rainbird identifies the major effects of base pressure and viscous loss but is more complex and more reliant on assumptions than models by Lawn and Foreman et al. The model put forth by Lawn, which is essentially the same as prior work by Foreman et al., provides a straightforward analysis of the pressure variation through the duct and identifies each major factor with a unique term. It is relatively straightforward to identify the base pressure, flow separation and viscous effects from CFD results and to apply them to Lawn's model. As well, it should be straightforward to incorporate this model into a blade element momentum framework for the purpose of blade design and fatigue analysis once the empirical coefficients are calibrated from CFD actuator disc simulations.
ANALYTICAL FRAMEWORK
The analytical framework for this study is based on the ducted turbine model as presented by Lawn [8] , which is similar to an earlier derivation by Foreman et al. [2] . The model is developed by analysing the variation of pressure through the duct. From the freestream condition (p 0 , u 0 ) the flow either expands or contracts approaching the rotor disc plane (station 2 in Fig. 1 ). The variation in pressure is related to the change in velocity by Bernoulli's equation modified with an efficiency term (equation 2.1) which parameterizes viscous loss in the inlet section. Note that this definition of the efficiency is based on a flow expansion (by convention) and therefore will have values greater than unity when used for an inlet contraction with viscous loss
The pressure change across the actuator disc is defined according to the standard definition of the thrust coefficient C T in equation (2.2) . Note that Lawn defined a turbine resistance coefficient relating the thrust to the local velocity at the rotor plane (u 2 ); however, this approach has not been followed in this analysis to facilitate a more straightforward comparison to the CFD results
The pressure change through the diffuser is found using an analogous equation to the duct inlet
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Note that, by continuity, u 4 =u 3 ¼ A 3 =A 4 (and A 2 ¼ A 3 since the actuator disc is assumed infinitesimally thin). The pressure difference between the far wake, defined where full expansion back to p ¼ p 0 has occurred, and the diffuser outlet is parameterized as a base pressure coefficient C p,b . This definition reflects the assumption of full pressure recovery in the wake to the freestream value, and is an idealization required for this analytical model. In reality, as turbine arrays begin to extract significant amounts of energy from the flow, the downstream pressure will be measurably reduced from the freestream value owing to the restricted domains of tidal channels
Summing the pressure changes from the undisturbed free stream to the far wake and equating to zero, it is then possible to define the following relationships
Using the typical definition as shown in equation (2.7), the power coefficient can be found in terms of the thrust coefficient using equation (2.8)
The base pressure coefficient and efficiency terms are not generally known and need to be found experimentally or through simulations for a given duct geometry. In addition, for a given duct, the base pressure coefficient has been found to vary with thrust coefficient.
This study validates the analytical approach taken by Lawn, calculates the efficiency terms and base pressure coefficient over an operating range of C T for a variety of duct designs, and identifies trends in these parameters as functions of duct geometry and C T . The results of this study can be used for preliminary duct design on the surrogate space of the parameterized duct, identification of the optimal rotor operation and blade-element simulation through an extended version of the model including discrete blade effects.
DUCT GEOMETRIES
To study the effects of changing geometric features of the duct, several duct designs were tested. The geometric features expected to impact the duct performance were the diffuser expansion ratio A 4 =A 3 ; the inlet contraction ratio A 1 =A 3 ; the duct airfoil thickness ratio; and the inner and outer diffuser surface angles y 4,in , y 4,out , as depicted in Fig. 2 .
Duct geometries were created following a similar methodology to that presented by Hansen et al. [7] . A baseline geometry (case D2) was designed to replicate Hansen's duct for model comparison. The duct was based on a NACA 0015 airfoil, which was first scaled in thickness by a factor k t . A camber was then applied by rotating the geometry about the leading edge through a linearly varying angle (0 at the leading edge to y 1 at the trailing edge). A full body rotation through y 2 was then applied to the entire cross-section. Finally, the airfoil was translated by dr to control the throat area A 3 . These control parameters are depicted in Fig. 3 . This methodology allows full control over a wide variety of duct area ratios and angles. The above control parameters and resulting duct area ratios and outlet angles are summarized in Table 1 for the ducts used in this study. Note that the ducts were categorized into two subsets; one for developing the empirical model using curve-fitting (identified by the letter D) and the other for validating the empirical model once its definition was complete (identified by the letter V).
The ducts ( Fig. 4) were designed to cover a reasonable range of feasible geometries. It is realized that the geometries do not cover a full search space for all duct parameters, however time constraints dictated using a small subset of all possible designs.
CFD SIMULATION
CFD simulations were carried out using ANSYS CFX 12, following a similar methodology to Hansen et al. [7] . The simulations used an axi-symmetric actuator disc model without swirl to produce results that were readily used to calculate the efficiency and pressure coefficient terms of the analytical model. The simulations sought a steady-state solution using the Reynolds-averaged Navier stokes (RANS) equations. The mesh was a 15 slice of the entire flow domain. Periodic boundary conditions were enforced to simulate the entire 360 domain. This mesh was created by sweeping a 2D structured surface mesh through a 15 rotation in five elements. Later studies showed that using two elements in the azimuthal direction gave the same results as using five. Strictly speaking, the axi-symmetric model only needs to be one-element thick; however, CFX requires at least two elements to calculate gradients when applying the periodic boundary condition. No model for the transition from laminar to turbulent Control parameters used to define the duct geometry flow was used as the flow is assumed to be turbulent along the entire duct surface. Turbulence was modelled using the k-o shear stress transport (SST) [12] option due to its known applicability to predicting boundary layer separation in adverse pressure gradients. The SST model has been validated extensively for separating 2D flows. In 1996, Menter [13] validated the SST model for a separating boundary layer on a cylinder in an adverse pressure gradient (the Driver CS0 flow [14] , depicted in Fig. 5 ) and a separating boundary layer over a NACA 4412 airfoil. The SST model reproduced the experimental data well, with better performance than the Spalart Allmaras (SA) and k-e-based models. In 1997, Bardina et al. [15] repeated the validation of the Driver CS0 case and tested a RAE 2822 airfoil, concluding that for complex flows, the SST model gave the best performance (compared to k-e, k-o, and SA) because of its ability to predict separation. In 2003, Yaras and Grosvenor [16] compared the performance of the SST model to two low-Reynolds k-e models and found that the SST model gave the best performance for the Driver CS0 flow. In 2009, Menter [17] showed that the SST model outperformed the 4-equation, n 2 -f model in predicting separating velocity profiles for the NACA 4412 airfoil case. In 2011 El-Behery and Hamed [18] compared the SST, 7-equation Reynolds stress model (RSM), n 2 -f and low-Re k-e models using the Buice-Eaton [19] data for an asymmetric planar diffuser. The low-Re k-e models gave poor overall performance. The n 2 -f model gave the best prediction of the separation point. While the SST model predicted separation too early, both SST and n 2 -f models gave a good prediction of the re-attachment point and velocity profiles (except near the separation point). Dippold [20] did the same test with the SST model, again with similar results. Interestingly, El-Behery and Hamed found flow. An adverse pressure gradient was created using a diverging wind tunnel section. The flow separation was controlled to occur only on the central cylinder using suction on the diffuser walls that the RSM did not predict the separation behaviour well.
Despite the fact that the SST model has not been specifically validated for the case of an annular diffuser in a free stream, the validation work that has been done for various separating flows presents a strong case for using the SST model for axi-symmetric ducted turbine models. There is some evidence that the n 2 -f model could give similar performance to the SST model, but it has not yet been as extensively tested. The steady-state modelling approach taken here is limited in that it cannot resolve unsteady flow behaviour, which is inherently present in large regions of separated flow. Thus, the present model's accuracy is reduced for these types of unsteady flows which were evident in the cases D6, D7, and V2. Improved accuracy for these types of flows could be attained using large eddy simulation (LES) or hybrid LES-RANS [17] . However, the large increase in computational expense required to pursue LES is not justified to search a region of the design space which is unlikely to be used in practice due to the resulting unsteady loading on the duct and turbine blades.
The domain distances were normalized based on the duct length L ¼ 1 m. The inlet was 5 L upstream of the duct leading edge and enforced a uniform velocity of 1 m/s and turbulence intensity of 1 per cent. The fluid was sea water with density r = 1024 kg/m 2 and dynamic viscosity ¼ 1.5 Â 10 3 Pa s. The Reynolds number (Re) based on duct length was 7 Â 10 5 . This Re and level of turbulence intensity were chosen for consistency with water-tunnel and tow-tank tests. Actual turbines will be significantly larger and situated in faster flows of 3-5 m/s, with a higher turbulence intensity of approximately 20 per cent. Airfoil stall performance is typically improved at higher Re, so real devices using ducts with airfoil profiles may experience less flow separation than presented here. Hansen et al. [7] used Re ¼ 5 Â 10 7 and as will be shown (section 4.2) obtained performance results very similar to the current study, indicating only a small Reynolds number dependence. Higher ambient turbulence intensity in real flows will also lead to less flow separation due to increased mixing within the boundary layer, as verified in section 4.1. Taken together, it is therefore likely that the relatively low Re and turbulence levels used in the current study provide a conservative estimate on achievable duct performance. The outlet was 10 L downstream of the trailing edge and enforced p ¼ p 0 . As in reference [7] , an inner radial boundary employing a free-slip condition was located at 0.05 L to avoid a singularity in azimuthal velocity at the center-line. The outer radial boundary was located at r ¼ 5L and was treated using the opening for entrainment option, which approximates an infinite domain. The sensitivity of the simulated C P to moving the outer radial boundary to 10L was less than 2 per cent for the largest duct; and it was decided that the additional accuracy of moving this boundary did not justify the extra computational expense.
The actuator disc was simulated as a momentum sink where a force per unit volume f x was applied throughout each element. The disc was located at the duct throat and had a finite thickness of t d equal to 5 per cent of the turbine radius r. A finite thickness was required by CFX since source terms are applied to a subdomain which must occupy a volume in space. Multiple elements were defined through the thickness of the disc to allow the velocity field to evolve smoothly through the disc. The force distribution was uniform over the disc and the f x term was calculated based on the thickness and the thrust coefficient according to equation (4.1).
It should be noted that this approach neglected wake swirl, discrete blade effects, and turbulence generation by the turbine. As a first-order effect, wake swirl converts some of the kinetic energy of the upstream axial flow into tangential kinetic energy; this energy is therefore not captured by the turbine. As a second-order effect, a high-swirl velocity in the wake can produce a reduced pressure, assisting to draw more flow through the turbine. These effects are not typically large since the induced tangential velocity is typically low. Discrete blade effects will produce the well-known helical wake structure with an azimuthal variation of induction. For open flow (i.e. non-ducted) turbines, this results in some loss of power due to induced drag from strong vortices trailed from the blade tips. A duct should inhibit the formation of tip vortices; however, this is not well understood and an actuator line simulation approach is being pursued specifically to study this effect. Turbulence produced by the turbine blades will result in increased mixing downstream of the rotor, likely with minimal impact on the overall flowfield.
To be consistent with the simulation by Hansen et al., initial simulations incorporated a small gap of width 0.08r between the outer radius of the actuator disc and the surface of the duct. As was shown by Hansen, this gap accelerates the boundary layer flow, and in this article it is shown to delay flow separation. This effect would not be expected in a real turbine with a discrete number of blades unless the solidity ratio was very high. Therefore, except when comparing to Hansen et al., [7] , the results presented in this paper are for simulations where the actuator disc extends all the way to the duct. The effect of the gap is discussed further in section 6.3.
The actuator disc CFD methodology has been validated for the non-ducted rotor case and was found to reproduce the standard actuator disc theory well, as shown in Fig. 6 . (Note that the Glauert empirical thrust correction [11] with C T,1 ¼ 1.7 is applied to the theory curve for C T 4 8=9 to account for momentum theory breakdown at high thrust).
Mesh definition and grid convergence
To ensure minimal grid resolution error, the effect of grid refinement on the power coefficient was studied using the baseline duct geometry (D2). Adequate resolution of the boundary layer along the duct was considered crucial. The grid refinement study was conducted following guidelines published in the Journal of Fluids Engineering [21] .
Three meshes of progressively greater refinement were developed. The meshing strategy was a C-grid approach, as shown in Fig. 7 . The baseline mesh used a first layer spacing perpendicular to the duct surface of 0.08 mm in the boundary layer O-grid blocks except at the trailing edge, where the first layer spacing was 0.12 mm. The larger spacing at the trailing edge allowed more nodes to be concentrated in the expected region of flow separation and was not expected to be detrimental to the boundary layer solution due to normal boundary layer growth. The simulated y þ value was less than 5 over the duct surface for all geometries except for where the flow accelerates around the leading edge, where it was maintained at less than 15. Note that CFX uses an automatic wall treatment to ensure a smooth transition between integrating-to-the-wall (strictly valid for y þ < 2) and using wall functions (appropriate for approximately y þ < 30). This transition allows some additional accuracy associated with integrating-tothe-wall, without the strict meshing requirement of y þ < 2. Normal to the duct surface, the mesh spacing followed a bi-geometric expansion law with a ratio of 1.1. It is recommended [22] to use at least 10 nodes within the boundary layer to take advantage of the reduction of error when using this strategy. There were typically 20 or more nodes within the boundary layer for the simulations presented here. The O-grid blocks extended downstream to the domain outlet, providing a refined area over which the wake shear layer evolved.
Outside of the O-grid, the radial spacing (seen as vertical in Fig. 7) matched the O-grid outer layer spacing and expanded according to the bi-geometric law with a ratio of 1.1. The radial spacing at the domain centre-line was 25 mm and at the outer radial bound, it was 150 mm.
The axial spacing varied from 150 mm at the inlet (5L upstream of the leading edge) to 2 mm at the leading edge. This refinement was required to provide reasonable mesh spacing within the O-grid blocks at the leading edge. The axial spacing in the actuator disc was 2 mm. Through the interior of the duct, the spacing was limited to a maximum of 12 mm. At the trailing edge, the spacing was 0.5 mm which provided refinement in the region where the fast exterior flow first meets the slower interior flow. At the domain outlet, the spacing was 150 mm. The bi-geometric expansion law with a ratio of 1.1 was used to determine the mesh spacing between the locations described above.
A coarse mesh was created by multiplying all the spacings by 1.4 and reducing the numbers of nodes. A fine mesh was created in the same manner. The numbers of nodes in each 2D mesh were N 1 ¼ 169 164, N 2 ¼ 85 256, and N 3 ¼ 44 451.
For grid convergence, the power coefficient was chosen as the target variable. The first set of Fig. 6 Comparison of CFD method to actuator disc theory for an ideal turbine with no duct Fig. 7 Surface mesh near the duct profile simulations was run using an inlet turbulence intensity of 1 per cent. It was thought that the level of turbulence could affect the grid convergence results; so, a second set of simulations were run with an inlet turbulence intensity of 20 per cent. The gird convergence study results are summarized in Table 2 . In the table, f i gives the result of the target variable (C P in this case) on the ith mesh. The term 21 ext gives the expected value of f on a grid with infinite cells, found by Richardson extrapolation. GCI gives an estimate of the discretization error for a given mesh.
The above results showed that even with the coarse mesh, the expected discretization error was less than 1 per cent. The medium mesh was used for all further simulations to ensure reasonable grid convergence when applying this meshing strategy to different duct geometries, and because it gave reasonable simulation runtimes of 0.5-2.0 h when run with four partitions on an Intel Core TM i7 2.67 GHz CPU. It was expected to find an improved power coefficient for the 20 per cent turbulence case due to increased mixing in the boundary layer delaying the onset of flow separation in the duct.
Comparison to previous work
The D2 duct geometry was a close replica of that simulated by Hansen et al. [7] . As a validation of the CFD model, the C P À C T relationship was compared to results from reference [7] (which included the small gap between the actuator disc and duct surface), as shown in Fig. 8 . The maximum C P in the present simulation was 3 per cent lower than the previous study. This discrepancy was likely due to minor differences in duct geometry, mesh and Reynolds number but was considered acceptable in terms of verifying the CFD methods employed relative to previous studies. Figure 8 also shows simulation results for the same duct without the gap, where the maximum power coefficient was 7 per cent less than the present case with the gap.
CFD RESULTS
This section presents the simulation results for the inlet and diffuser efficiencies, base pressure coefficient and power coefficient for each duct. Note that figures showing these results (Figs 11 and 12 ) also include fit lines produced by the empirical model described in section 6. The following paragraph describes the general methodology for obtaining the CFD-determined model coefficients.
The thrust was calculated as the volume integral of f x over the actuator disc and normalized by 1=2u 2 0 A 3 to give C T . This calculation validated that the specified f x produced the desired C T . Similarly, the power was found as the volume integral of uf x over the disc and normalized by 1=2u 3 0 A 3 to give C P . A streamline passing through the duct leading edge stagnation point and the duct trailing edge was defined to isolate and effect of the gap on the baseline duct performance the flow passing through the duct. Planes were then defined at stations 0 through 6 bounded by the streamline. This allowed calculation of the area-averaged velocity, pressure, and stagnation pressure at each station. These area averages were then used to calculate the model parameters, as described in sections 5.1 and 5.2.
Inlet efficiency
The inlet efficiency was found using equation (5.1) . Note that the efficiency term is very sensitive to discrepancies in the pressure when u 2 approaches u 0 , which occurs at a specific C T for each duct when the freestream ingested flow area equals the rotor area. This sensitivity can be avoided by assuming that the efficiency calculated for C T ¼ 0 is appropriate for all values of C T . The inlet efficiency was not expected to show significant variation with C T because unlike in the diffuser, flow separation is very unlikely in the inlet and the efficiency is primarily due to friction over a relatively constant surface. The inlet efficiency was typically within 5 per cent of unity, and simply assuming a value of unity had little impact on C P as calculated from the analytical equation equation (2.8).
Diffuser efficiency
The diffuser efficiency calculated from equation (5.2) accounts for viscous loss and flow separation. The diffuser efficiency is shown for ducts D1 to D7 in Fig. 11 . As expected, it was observed that as (A 4 =A 3 ) and y 4,in grow, the diffuser efficiency diminishes due to increasing flow separation. The efficiency was nearly constant with C T .
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Base pressure coefficient
The base pressure coefficient was calculated from equation (2.4) and is plotted in Fig. 12 for ducts D1 to D7. The base pressure coefficient was seen to increase in magnitude with (A 4 =A 3 ) and y 4,out . As Fig. 12 , the base pressure coefficient decreased as the thrust coefficient increased.
Power characteristic
The power coefficient is plotted as a function of C T for all ducts in Fig. 13 . The first four duct designs maintained a constant diffuser outlet angle of 19 while changing the duct expansion ratio. The effect of this was as expected for cases D1-D3, with larger expansion resulting in greater C P enhancement; however, D4 showed little further improvement over D3 as the area ratio increased from 2.36 to 2.87. The flow field for D3 and D4 operating at C T ¼ 0.9 is depicted in Fig. 9 . The region of separated flow (where u < 0) is shown in black. These results support the assertion that the maximum power enhancement possible by a duct is limited primarily by flow separation. The next set of ducts (D5-D7) was created to test the impact of outlet angle on performance. It was observed that large outlet angles reduce the diffuser efficiency due to increased flow separation, but also provide a greater base pressure effect due to blockage of the flow exterior to the duct. Flow separation from the inner surface of the duct essentially creates a smaller core flow, reducing the effective expansion by the diffuser.
Ducts D8-D10 were used to test the variation of duct performance with expansion ratio for larger outlet angles than the first four ducts. The results of these ducts are not explicitly shown in this article for brevity. In general, a larger outlet angle led to greater base pressure and lower diffuser efficiency. As with the first four ducts, the diffuser efficiency was best for a small expansion ratio and the base pressure was greatest for the largest expansion ratio.
FITTING THE EMPIRICAL MODEL

Development
The diffuser efficiency and base pressure coefficient were parameterized as functions of duct geometry and thrust coefficient. Using a trial-and error-based approach of increasing term order, appropriate functional forms shown in equations (6.1) and (6.2) were determined. Note that Z 34 depends on the inner outlet angle y 4,in expansion ratio A 3 =A 4 and inlet contraction ratio A 1 =A 2 . Physically, this is a reasonable set of parameters to define the diffuser efficiency, which characterizes the flow separation behaviour within the duct. The diffuser efficiency was modelled as having no dependence on C T based on the observed CFD results. The base pressure coefficient depends on the expansion ratio A 3 =A 4 , outer outlet angle y 4,out and C T . This set of parameters also seems to have some physical validity for defining C p,b since it characterizes the flow blockage effect of the entire duct/turbine system 
The coefficients for the above equations were found using a least square optimization of the CFD data for ducts D1 through D10 and are summarized in Table 3 . Except for a few outliers, the above correlations agree very well with the simulated values. Figure 10 shows the model values plotted against the simulation results for all ducts. Figure 11 shows the modelled diffuser efficiency for ducts D1-D7 plotted alongside CFD results.
The base pressure coefficient found by the model is plotted against C T and compared to the simulation results in Fig. 12 . It is clear that the model matches the simulation results quite well except for several points for D7. The simulation results for this duct are somewhat questionable as the flow displayed transient behaviour even though the simulations were run as steady state. This is likely due to the unsteady nature of a large separated flow region for duct D7 and was not an issue for the other cases.
Using the modelled diffuser efficiency (equation (6.1)) and base pressure coefficient (equation (6.2)) and assuming an inlet efficiency of unity, duct performance was predicted for the development cases D1-D10 using equations (2.6) and (2.8) . A comparison to the CFD results is shown in Fig. 13 , which shows a good match. It is to be expected that a good match would be achieved with the development cases. As with any regression-based model, a separate dataset from that used to derive the model should be used for validation, which is discussed in the next section.
Validation
Validation was done using the ducts V1-V3, which were not used in determining the model coefficients above. The empirical model was used to predict the performance of each duct and subsequently compared to CFD results. The diffuser efficiency is shown in Fig. 14. Note that the CFD simulations for case V2 did not converge well for C T below 0.7, giving questionable results. As with case D7, this poor convergence was due to transient behaviour due to a large region of separated flow. The base pressure coefficient is shown in Fig. 15 . Finally, the performance characteristic of each validation case is shown in Fig. 16 . The model produces a reasonable approximation of the CFD results for all three validation cases.
Boundary layer flow control
It is possible to delay flow separation in the diffuser by incorporating features that add momentum to the boundary layer. This sort of design feature was approximated in reference [7] using a small gap between the edge of the actuator disc and the duct surface. The gap was also included in several simulations over the course of this study to observe the impact on the flow field and turbine performance. For the cases including the gap, it was found that increasing C T was accompanied by reducing flow separation and increasing diffuser efficiency. For these cases, greater turbine thrust led to more mass flow being diverted through the gap and therefore greater momentum transfer to the boundary layer. This behaviour can be observed in Fig. 17 , which shows the fast flowing jet, increased velocity through the duct and reduced flow separation which arise when the gap is present. The gap had the most pronounced effect with the most aggressive ducts; for example, the maximum C P for D7 increased from 0.85 without the gap to 1.14. Such a jet is unlikely to occur in real turbines unless the solidity ratio is very high or other design features lead to its presence. The performance gains possible with boundary layer flow control are likely significant. However, attempts to develop empirical relationships for the diffuser efficiency for the cases including the gap did not produce useful correlations due to increased flowfield complexity. It is unlikely that a small clearance between the blade-tip and duct surface would have the same impact on the flowfield as a gap in the actuator disc approximation. This is because the disc approximates an infinite number of blades, and when discrete blade effects are considered, flow could be diverted around the blades as well as towards the duct surface. The true influence of blade tip clearance cannot be modelled accurately using an actuator disc model and requires more advanced CFD models or experimental work to quantify accurately.
CONCLUSIONS
Using a validated CFD modelling approach, several duct designs were simulated using an actuator disc representation of the turbine. These simulations provide insight into the factors influencing the performance enhancement provided by ducts; viscous loss, flow separation, and base pressure. It was found that viscous loss in the inlet was essentially negligible for the considered cases. Flow separation of the boundary layer in the diffuser section led to significant performance degradation characterized by a reduction in the diffuser efficiency. It was found that the diffuser efficiency decreases with increasing diffuser expansion, inlet contraction, and inner exit angle. The efficiency was not seen to vary greatly with thrust coefficient except for cases which included a small gap between the edge of the actuator disc and the surface of the duct. In such cases, the efficiency improved with increasing C T as discussed above. This observation shows that boundary layer flow control may be important for practical designs. The base pressure effect provides a significant performance enhancement and is seen to grow with diffuser expansion ratio and outer exit angle but diminish with increasing C T .
In duct design, moving towards larger expansion ratios and larger outlet angles provides increased base pressure, but diminished diffuser efficiency. The maximum performance occurs when the gain from increasing the base pressure effect is equal to the loss from decreased efficiency. Considering this, it may be desirable to pursue a flanged diffuser which creates a large base pressure effect by blocking the external flow near the duct exit, a strategy which 
and with (bottom) the gap between the actuator disc and duct surface. Note the higher velocity at the duct throat when the gap is present has been investigated by Setoguchi et al. [23] and Abe et al. [24] . It is of practical importance to note that most tidal turbine concepts do not rotate during slack tide and thus include a pair of diffusers to allow performance gains on both the ebb and flood tides. In such designs, the upstream diffuser will disrupt the flow, potentially reducing the performance augmentation of the downstream diffuser. More detailed study of such designs is planned. Single diffuser designs as presented here are more likely in wind, river or ocean current applications. An important consideration for large arrays of turbines is the overall efficiency, as described by Shives and Crawford [25] . With a large turbine array, the total resistance to the flow, which consists of the turbine thrust and structural drag, plays a role in determining the impact of power extraction on the flowfield. For high levels of power extraction, it will be important to operate turbines with a reasonable overall efficiency. The importance of this at the device level is that enhancing power output using ducts may be detrimental to the overall efficiency if the tidal system response to the added drag outweighs the power enhancement.
An empirical model for diffuser efficiency and base pressure was derived which provides a good match to the CFD results. This regression-based model performs reasonably well for ducts with geometric features within the ranges used in this study. No work has been done to validate the model beyond these ranges; however, the trends identifying the geometric features which affect the diffuser efficiency and base pressure coefficient are expected to hold over a wide variety of duct designs. For novel duct designs, or any designs including boundary layer flow control, CFD simulation and experimental work will remain critical for analysing performance. However, the results presented here show that an empirical model is feasible for simple ducted turbine concepts. 
